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ABSTRACT: In thiswork, a numerical solution of a dimensionless form of the macroscopic two lane traffic
flow model based on alinear density-velocity relationship is studied. We make the two lane traffic flow model
dimensionless by introducing some dimensionless parameters. In order to compute the numerical solution, we
present the discretization of the considered model which leads to the explicit upwind difference scheme. The
numerical simulation of 2.5km highway of two lanes is performed for 1.5 minutes using the explicit upwind
difference scheme based on artificially generated initial and boundary data. An experimental result for the
stability condition of the numerical scheme is also presented. Since the scaled model is simpler than the non-
scaled model, ther efor e we get mor e computational efficiency for the scaled model.
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I.INTRODUCTION

Traffic flow, in Mathematics and Civil Engineering is the study of interactions between vehicles, drivers, and
infrastructure (including highways, signals and traffic control devices), with the aim of understanding and
developing an optimal road network with efficient movement of traffic and minimal traffic congestion problems.
Attempts to produce a mathematical theory of traffic flow date back to the 1920s, when Frank Knight first produced
an analysis of traffic equilibrium, which was refined into Wardrop's first and second principles of equilibrium in
1952.

Traffic phenomena are complex and nonlinear, depending on the interactions of a large number of vehicles. Due to
the individual reactions of human drivers, vehicles do not interact simply following the laws of mechanics, but
rather show phenomena of cluster formation and shock wave propagation, both forward and backward, depending
on vehicle density in a given area. Some mathematical models in traffic flow make use of a vertica queue
assumption, where the vehicles along a congested link do not spill back along the length of the link.

Axel [1] presented a hierarchy of multilane traffic flow models and described the derivation of macroscopic
multilane traffic flow model. The dimensionless form of the macroscopic traffic flow model for single lane highway
was studied [2]. The numerical experiments were performed in order to verify some qualitative traffic flow
behaviors with respect to the traffic flow parameters, [3], [4], [5]. The fluid dynamic traffic flow model as an initial
boundary value problem (IBVP) with two sided boundary conditions was studied and a new version of the Lax-
Friedrichs scheme for the fluid dynamic traffic flow model was also presented [6-7]. A computational study of the
non-scaled multilane traffic flow model was presented [9].

In this research article, we choose a numerical scheme named explicit upwind difference scheme to compute the
numerical solution of the two lane traffic flow model as an IBVP. We discretize the scaled two lane traffic flow
model by using finite difference formula which leads to the explicit upwind difference scheme. We build up a code
in MatLab programming language of scientific computing for the Explicit Upwind difference scheme. We present
the density profile as well as computed velocity and flux profiles of our considered model which is scaled
(dimensionless) model without transformation back and the scaled model with transformation back by using the
Explicit Upwind difference scheme. Some experimental results are also presented for the stability restriction of the
numerical scheme for the dimensionless form of two lane traffic flow model.
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II.MACROSCOPIC MULTILANE TRAFFIC FLOW MODEL

We assume a highway with N lanes. They are numbered by o =1,2,..., N . The maximal velocity is denoted by
W ; i.e., the velocities range between O and W. The kinetic multilane traffic flow model asin [1] is given by

o.f, +va f, =C(f,....f) (1)

In our research, we focus on the multilane traffic model (1). The multilane model (1) can be written in generalized
form as follows from [1].

0py 0% _ Py _ P1

o0 ox T, T?
L T T S S W 2)
ot ox TL TN T, T™

oo +an — Pna _ P

o ox T, TN

Here, the subscripts 1, | =2,..., N =1 and N refer to the lane numbers. The quantities p; and Q; = p,V; are

the vehicle density and the vehicle flux inthe | -th lane respectively whereas \Z is the vehicle velocity at the | -th
lane for ] =1,2,...,N; at last TJ-k =Tjk (p;,p) isthe vehicle transition rate from lane | to lane K, with
| j —k|=1. In particular, we choose macroscopic multilane traffic flow model (2) for two lanes that is for
=L 2,(N=2):
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A. Density-Velocity Relationship
The macroscopic two lane traffic flow model (3) is approximated by the Greenschield’s linear density-velocity

relationship as follows:
V(p) :vmaXE—LE @
Prmax

Where, V,_, is the maximum velocity and p,,, is the maximum density which is based on bumper to bumper
traffic. By using the Density-Velocity relationship (4), the equations (3) take the following form.
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[11. DIMENSIONLESS FORM OF THE TWO LANE TRAFFIC FLOW M ODEL

The dimensionless form of the two lane traffic flow model presented here. Now equations (5) can be simplified by
L
bringing it in a dimensionless form. Let L and 7 be atypical length and time respectively, such that — =V, .

T
Introducing the following dimensionless parameters
X t 2 2
Xs E, tsz?, Ulzl_ ﬁ;x, u2=1—%

P1 P2
By using these dimensionless parameters, from (5) we get
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Finally, the equationsin (5) may also be rewritten as follows.
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holds. The left hand sides of the above equations are analogous as the Inviscid Burgers equation.

IV.NUMERICAL SCHEME FOR TWO LANE TRAFFIC FLOW M ODEL

Explicit upwind difference scheme is one of the finite difference methods to find the numerical approximation of

hyperbolic partial differential equation (PDE). In order to apply the explicit upwind difference scheme, we have to
make the considered model as an IBVP in the following form.

Here u® =1 , If the highway is empty (p = O) , we have U =1 in atailback (p = pmax) ,u=-1
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u, (x,0) = u,’(x), u,(x,0) =u,’(x)
u(a,t) =u’ ), u(at) = u,’(t)

The equations in the above IBVP are similar to the Forced Burgers’ Equation.

ou u
We discretize the time derivatives aTl and OTZ by the first order forward difference in time while the space
S S

o o Fu,?
derivatives — [ and — -2 by the backward difference in space.
0X, 2 X H 2

Forward difference in time:
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We assume the uniform grid spacing with step size K=At and h =AX for time and space respectively
t" =t"+k and X, =X +h.
The Explicit upwind difference scheme for the dimensionless form of the model is as follows

(ul)?=(u1)?—ﬂ[(wl)r)z—((ul)r_l)z +§(1 u,)")- TAt (- (u)?) @
] At

()7 = () ) = (w)n - S - ) - S )r) ®

Therefore, the equations (7) and (8) are the discrete versions of the PDEsin the I BVP (6).
V.NUMERICAL SIMULATION

In this section, we present the numerical results for some specific cases of traffic flow focusing on the dimensionless
parameters by using the numerical scheme named Explicit Upwind difference scheme. We present the density
profile as well as computed velocity and flux profiles of our considered model which is scaled (dimensionless)
model without transformation back and the scaled model with transformation back by the Explicit Upwind
difference scheme.
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In particular, we choose maximum velocity, VlmaX :Vzmax =100km/hour. For satisfying the CFL criterion we
pick the unit of velocity as km/sec. We consider o, =p, =175 /km, Transtion rates,

T, =10%, le = 20% for 90 seconds in At =1500 time steps for a two lanes highway of 2.5 km. Here we
present the scaled initial profile (dimensionless) without transformation back in Fig. 1 while Fig. 2 shows the scaled

density profile. The constant boundary datais U,” = 30/kmand U," = 27 /km for first and second lane.
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Fig. 1. Scaled Initial Density Profile.

Lane 1
30| —w— 30sec
;
e
D
10 I 14 I 14 I 14 I 14 I
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 o0.05
Highway
Lane 2
Y
il
e
D
15

L L L L L L L L L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Highway

Fig. 2. Scaled Density Profile.
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The solution surface of the scaled two lane traffic flow model is presented in the Fig. 3. In this figure, the density is
depicted w
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40
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Fig. 3.

The diagram of the scaled initial density profile with transformation back and the scaled density profile for 1.5
minutes are featured in Fig. 4 and Fig. 5 respectively. Here plmax = pzmax =175/km, perform numerical
experiment for 90 secondsin At =1500 time steps for atwo lanes highway of 2.5 km.
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Fig. 4. Scaled Initial density profile with Transformation Back.
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Fig. 5. Density Profile.

We compute the velocity by using Greenschield’s velocity density relation, V{p) = V™ma* (1 — ﬁ) whichis
depicted in Fig. 6.
21
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Fig. 6. Computed Velocity Profile.

We are known about the density and velocity of two lane traffic flow for a certain point of highway. The flux of
multilane traffic can be computed with the support of the relation g = pV and Fig. 7 represents the computed flux

with respect to the distance.
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Fig. 7. Computed Flux Profile.
The numerical solution of the scaled two lane traffic flow model with transformation back is presented in Fig. 8 asa

surface using the explicit upwind difference scheme.
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Fig. 8.

O'_
AX

In this frame work, we investigate the stability condition for the numerical scheme. The stability condition of
At <1

Explicit Upwind Difference Scheme for the dimensionless form of the single lane traffic flow model is

where o := max u®(x) .
X
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In case of the dimensionless form of two lane traffic flow model we examine experimentally that the stability
At
0_
AX

condition of Explicit Upwind Difference Scheme for our considered model is <0.6.

V1. CONCLUSION

We have described the explicit upwind difference scheme for the scaled two lane traffic flow model. The numerical
simulation of 2.5 km highway of two lanes has been performed for 1.5 minutes using the numerical scheme based on
artificially generated initial and boundary data. We have presented the numerical experiments of two lane traffic
flow with respect to the dimensionless parameters. An experimental result for the stability restriction of the
numerical scheme has also been verified. The stability condition of explicit upwind scheme for our considered
At
Ax

o = max uO(X) . Since the scaled model is simpler than the non-scaled model, therefore, more computational
X

model is < 0.6 Whereas the stability condition for scaled single lane traffic model is |, 2% <1 ; where

At
o=
AX

efficiency for the scaled model has been observed.
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